Abstract. Steady slow viscous flow is considered inside a vessel with circular cross section. The centerline curvature is specified as a function of arc length. The Stokes equations are written in orthogonal curvilinear coordinates. The primary small parameter is the slenderness ratio e, which is the ratio of vessel radius to vessel length or wavelength. The product of centerline curvature and vessel length is assumed to be of order unity. A transverse drift appears at 0(e2) that is proportional to the rate of change of curvature. Contours of axial velocity show a primary peak shifted toward the inside wall and a secondary peak grows toward the outside wall as curvature is increased. The flux ratio or relative hydrodynamic conductance is calculated to 0(e4) and includes the effect of variable curvature. The present calculations tend to indicate that the sinusoidal mode of buckled micro-vessel could offer substantially more resistance to flow than the helical buckled mode.
general the latter is an independent small parameter ek, but here we keep e of order unity.
The problem is then one of internal slender body theory for the Stokes equations. Van Dyke [2] has recently considered the two dimensional version of the present problem for the Navier-Stokes equations, also allowing for variable channel width. In that problem Reynolds number also appears as a parameter since the inertial terms are included. In the present work the Reynolds number does not appear. We have decided to use the Stokes equations as a starting point rather than the Navier-Stokes equations because the application is for the microcirculation where the Reynolds number Re is substantially less than unity (10~3 in capillaries and 10~2 in small arterioles). There have been a number of order asymptotic expansions for flow in curved tubes, that are calculated, like the present work, as small deviations from Poiseuille flow.
It would be useful to summarize how some of the authors treat the three parameters, e, ek, and Re. The present work uses the limiting process e -* 0, with k = 0(1) and Re = 0. Dean [3] considered steady, fully developed flow in a tube with constant centerline curvature, based on special approximating equations. That work used the limiting process ek Re2 -> 0, with Re -» oo, and ek -> 0. The product ex Re2 is now known as the Dean number. The parameter e plays no role in the constant curvature, fully developed case. Van Dyke [4] has extended this expansion to high order using the computer, and he reviews other related work on this problem. Wang [5] calculated the first correction term for flow in a varicose vein having sinusoidal centerline curvature, with e -* 0, k = 0(1) and Re = O(l). Murata, et al. [6] also considered variable curvature with the double expansion e -» 0, k -> 0, and Re = O(l).
II. Formulation of the problem. We consider Stokes flow through a tube with a circular cross section and a curved centerline. The flow is driven by a prescribed pressure drop across the tube. The shape of the centerline is given intrinsically by a specified curvature ic as a function of the arc length S along the centerline in the direction of primary flow. In general the centerline could also have torsion. Here the centerline will be assumed to lie in one plane, so the torsion is zero. Polar coordinates are introduced in the cross plane to form a right handed curvilinear system (R, 6, 5) where r is the unit tangent vector to the centerline. In this coordinate system the square of a length element is (dR)2 + R2{d0)2 +(1 -k(S)R cos 0)2{dS)2 from which we identify the metrical coefficients hx = 1,
The vector form of the Stokes field equations is
where V is the velocity, p is pressure, and n is viscosity. We now scale the variables in the following way:
where a is the tube radius, L is the tube length or characteristic wavelength, and P0 is the driving pressure (measured relative to the exit pressure taken to be zero). We now work with the dimensionless coordinates (r, 0. |) and dimensionless pressure p and velocity q, which has components (u,v,w) in radial, theta, and axial directions. The divergence, gradient, and curl can be written in the (r, 6, £) coordinates using the method outlined by Love [7] , The dimensionless form of Eqs. 
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We now use the notation
with subscripts denoting partial differentiation. The parameter e = a/L is the basic small parameter in the problem. At this stage we also assume that k = 0( 1), i.e. the characteristic radius of curvature is like L in physical units. To complete the formulation, we impose boundary conditions on pressure, p{r,6,0) = 1; p(r,6,l) = 0
and conditions on velocity at the tube wall.
«(1,6,0 = v(i,e,0 = w( 1,0,t) = o. 
with the solution
The O(e) radial and tangential momentum equations again give
The 0(e) longitudinal momentum equation can then be written
where denotes the transverse Laplacian operator r~\r( )r)r+r~2{ )ee.
We proceed now to show that px = 0. The 0(e2) continuity equation is
where vT • qT is transverse divergence r~l{{ru)r + ve). Integrating Eq. (15) 
We can expect that there is no 0(e) change in the resistance of the curved tube since there is no 0(e) longitudinal pressure gradient. This is in fact the case since the solution of Eq. (14b) that satisfies the no slip condition is
and by symmetry no net flux is delivered. We can also show that to within 0(e) there is no secondary flow.
To see this, we first note that the O(e) continuity equation iŝ t ' 1t\ = 0 (21) which can be satisfied by introducing the streamfunction such that
The 0(e2) transverse momentum equations can be written
Elimination f the vorticity £2j by cross differentiation shows that p2 is tranversely harmonic 
Equations (41) and (43) together with the condition of vanishing flow at the wall constitute a well defined problem for the determination of qT1. The equations can be uncoupled by using the decomposition qT2 = Vt-$ + Vr* X e(
where <?£ is a unit vector in the axial direction. We shall also use the gauge condition Vr-(^£) = 0
Then Eqs. (41) and (43) can be put into the uncoupled form
1 titc =-^-J^r sin 8.
The coupling is now through the boundary conditions u2 = $r + = 0 on r = 1, 
The particular solution corresponding to the first two terms of the right-hand side of Eq. (61) and an unknown function of £ from the homogeneous solution contribute to the flux integral. This unknown function can be found by requiring that Q4 be independent of £. Finally, after a considerable amount of algebra we obtain the extension of Eq. (40). 
IV. Discussion of results. The main effects of curvature on the flow field will now be described. Figure 2 shows contour plots of the axial velocity field. The computation uses the first three terms of the asymptotic expansion for w. In this figure the flow is toward the reader, so that the flow is turning to the left. The location of maximal axial velocity is displaced toward the inside wall by the influence of curvature. The direction of this shift is opposite to that in flows with large Dean number as in Collins and Dennis [8] , and consistent with other reported shifts for small perturbations from Poiseuille flow as in Dean [3] , Murata, et al. [6] and Wang [5] . The appearance of a secondary peak on the outer side for increasing curvature is quite unexpected and has not previously been reported.
In the present theory, secondary flow is generated by the rate of change of curvature and not by the centripetal acceleration terms that are neglected in Stokes flow. Here the secondary flow is weaker in the sense that it appears at 0(e2) and not to the first order in Dean number for small but finite Dean number with constant curvature. Dean [3] , Figure  3a shows the projection of pathlines onto the transverse plane as computed from Eq. (48). The strength of the transverse drift is zero at the crests and troughs of a sinusoid, and maximal at the nodes. The direction of the drift is sketched in Fig. 3b for a centerline having the shape of a sinusoid. Though the magnitude of the transverse drift is quite small, typically a few percent of the axial velocity for the types of buckled vessels seen in the microcirculation, the transit times of cellular components could be significantly altered.
The ratio of volume flux carried by the tortuous vessels to that of a straight one having the same centerline length is the relative conductance, and is given by Eq. (62). For constant curvature Eq. (62) reduces to that given by Chadwick [1] based on an expansion 58) indicates that curvature tends to reduce the resistence, although the magnitude of this change is hardly significant physiologically. The tendencey for reduced resistance was also reported by Murata et al., but their coefficient is smaller by a factor of two, evidently due to a typographical error. They reasoned this effect can be explained in terms of the shift in axial velocity towards the inner wall (cf. Fig. 2a ), resulting in a decreased flow path for the mean axial flow. They then argued that this could have been anticipated by invoking minimum energy dissipation for flow at low Reynolds number. We would like to point out that this theorem does not imply a decreased mean flow path length due to curvature even for flows with negligible inertia. The corresponding problem in two dimensions, Van Dyke [2] , provides a counter example at 0(e2), as does the present problem when carried to 0(e4), implying a tendency for increased resistance or increased mean flow path length at larger curvature. The direction of this tendency is shown by the increasing prominence of the secondary peak shown in the axial velocity contours in Fig. 2 . An important effect of variable curvature is that ek can exceed unity for physiologically relevant geometries. The domain of validity of Eq. 62 should be improved by recasting the series into its reciprocal form, which as the advantage of keeping the relative conductance positive for large values of ek. For the case k 0 cos 27r£, having mean square curvature Kq, the reciprocal form of Eq. (62) predicts a decrease in relative conductance of 9.0%, using the physiologically relevant values ek0 = 5/3, and k0 = 7. While this case requires the centerline to have a slight torsion to accomodate the transverse dimension, this result suggests that a model experiment would be worthwhile to verify what appears to be a physiologically significant increase in resistance for the sinusoidal mode of buckled microvessel.
